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Preamble:

Global baroclinic instability, Smolarkiewicz, Klihnlein & Wedi (2014, J. Comput. Phys.)

8 days, surface 6,
128x64x48 lon-lat grid,
128 PE of Power7 IBM

CPI2, 2880 dt=300 s,
wallclock time=2.0 mns

CPEX, 432000 dt=2 s,
wallclock time=178.9 mns

R ea
Wassna' i 2 VTR
L

Virrese s

_______________

This huge computational-efficiency gain comes at the
cost of increased mathematical/numerical complexity
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Part I: Analytic Formulations

Meteorology has a large portfolio of diverse analytic formulations of the
equations of motion, which employ variety of simplifying assumptions while
focusing on different aspects of atmospheric dynamics.

Examples include: shallow water equations, isosteric/isentropic models,
hydrostatic primitive equations, incompressible Boussinesq equations,
anelastic systems, pseudo-incompressible equations, unified equations,
and fully compressible Euler equations.

Many of these equations can be written optionally in Eulerian or Lagrangian
reference frame and in terms of various dependent variables; vorticity,
velocity or momentum for dynamics, and total energy, internal energy or
entropy for thermodynamics.

However, with increasing computational power the non-hydrostatic (i.e., all-
scale) systems come into focus, thus reducing the plethora of options.
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Two reference frames

Eulerian € Lagrangian
OGV
ot + V - (v¥) = GR | (the archetype problem, AP) C;_T — R

The laws for fluid flow --- conservation of mass, Newton’s 2" law, conservation of energy, and 2"
principle of thermodynamics --- are independent on reference frames = the two descriptions must
be equivalent, somehow.
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. dx . X(Xg,t + 0t) — x(x,,1)
X = — := lim =V
dt 5t—s0 ot
physics (re measurément)
W hm U(x(xost +6t), £ +6t) —U(x(x0,1), 1) | (re Taylor series)
{ft St—0 lli'}_'t
= lim L [X(X0,t + 0t) — x(x0,1)] - VO + :Etaﬂ!‘ + O(6t?)
5130 Ot “r o "l (%0,t), Ot Ix(xo.t), 1
. X(xp,t + 6t) — x(x,,1) .- (o1
- Jim 5 VU e+ B ey 8 O
_ ? dl! \.;I." . i i
= W+ It ). ) X(Xo.t), ¢ V = (d;r: dyj dz)
ﬁ _ I + vV physics (relating observations
dt ot in the two reference frames)

Taylor , 1685-1731
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More math:

parcel’s volume evolution;

-G oxt, .., 02M

1 — 7 : : =9 .J 0< J < « forthe flow to
X(xo1t) °Go Oz}, ..., 00N 7 be topologically realizable
1 dx C1d9  d. G 8z',..0zM d
gV (ga) = T wme, e, oy — a ™’

flow divergence, definition flow Jacobian

Euler expansion formula,

d 1

Gauss,
1777-1855

Euler, 1707-1783 and the rest is easy =

Lamb, H., 1945: Hydrodynamics. Dover, 738 pp.
Truesdell, C., 1966: The Mechanical Foundations of Elasticity and
Fluid Dynamics. Gordon and Breach, 218 pp.

Chorin, A. J., and J. E. Marsden, 1984: 4 Mathematical Introduction
to Fluid Mechanics. Springer-Verlag, 205 pp.
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dp d.J

pUo= mo = — o) + pUo—- =0 = mass continuity

dpJ o dp_ p 0Gp

_— [ . — = . - . — 0

=05 pol ™ & — gV (Gv) -+ (Gvp)

W0y v
dp i p ot 8@0 L key tools for deriving conservation laws
— = — : et , —0
It gv (GV) = o +V (ng)
Lo p o= B9 (gvpr) = GoR

: TreoreM XII1.22.1 (On Change of Variables). Let U and U’ be
o open subsets in R" (in particular, it may be that U = U’ = R"). Let
& be a topological mapping of class C' of the set U onto U7,
If a function fe #* has the property that f < U, then:

@) {101 ) = §fnarG) = [ A @) detd (x)) di(x)

R‘" [ U

= | A(P() 1detd (x)|dir ().

Bo

Lebesquel875-1941

' 2
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Elementary examples:

Shallow-water equations

oGD .

ot —+ V- (GV'D) =
dGQ £y % g OH 1 oh,

ar + ? ) (GV Qx} - ( hxD 6x fQ_-,r _@ ay Qny)
aGQ}, N B g 3'H 1 ahx 2

SV (6ve) = 6(- E5E o+ g5 5e0?)

(Szmelter & Smolarkiewicz, JCP, 2010)

anelastic system

d o
M V% —8= 20V + M + By,

dt

‘F’-(pv) =0,

de’
E:—V'?QE—FFH.

See: Wedi & Smolarkiewicz, QJR, 2009, for discussion; and a special issue of JCP, 2008,
“Predicting Weather, Climate and Extreme Events” for an overview of computational meteorology
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All leading weather and climate codes are based on the compressible Euler

equations, yet much of knowledge about non-hydrostatic atmospheric
dynamics derives from the soundproof equations — descendants of the

classical, reduced incompressible Boussinesq equations

Euler, 1707-1783 Boussinesq, 1842-1929
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Why bother? Handling unresolved acoustic modes, while insisting on large
time steps relative to speed of sound, makes numerics of non-hydrostatic
atmospheric models based on the compressible Euler equations demanding

du
pdt zP
dp

7 —pOru

pressure and density solid lines, entropy long dashes, velocity short dashes
~h/RhE, /P8, th/ThE, u/C ~h/RAD, /P8, th/ThE, u/C ~h/RhB, p/PB, th/ThE, u/C

1.9 T T T T .10 8.8




From compressible Euler equations to incompressible Boussinesqg equations

8= ([} Ua _g) — —QVE
du

’OE = —-Vp—gpVz; 3D momentum equations under gravity
% = —pV-u: ﬁ —0 mass continuity and adiabatic entropy equations ds = cpd Iné@

dt i
nel

perturbation about static reference (base) state:

p=pp(z) +p'(x,t); 0=—Vp,— ppgV2

momentum equation, perturbation form:

du du

_ 1, Helmhltz,
P =—V(p—pm)—9(p—p)Vz = - ——p‘?p — g—Vz

p 1821-1894

for problems with small vertical scales and density perturbations:
p < pp = cnst. =

incompressible Boussinesq equations
f

du — — /
e v S AN LA VSN v SN v
dt Pb b Pb Pb

0=—-V-ppu
ECMWF —c
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Perturbation forms in the context of initial & boundary conditions

Take incompressible Boussinesq equations:

dll . . ! !
_:_vp pb_gp pbvzz_vp__ggw
dt Pb b Pb b

0=—-V-ppu

which also require initial conditions for pressure and density perturbations. Then consider an
unperturbed ambient state, a particular solution to the same equations

U = (HE(E), 0, 0)1 Pe = .-Oe(z)-.- Pe = pﬁ(ﬁ), 0. = HE(E)
deue Pe — Pb Pe — Pb
0= = -V — Vz
dt Pb s
0=—-V - ppu,

subtracting the latter from the former gives the form

du_ gP=Pe  Poleg,_ g4 QEVz

dt Pb Pb Pb
0=—-V-pu=-V-pu
de’
o = uw Vo,

that takes homogeneous initial conditions for the perturbations about the environment !
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Perturbation forms in terms of potential temperature and Exner function

1
w = (p/po)*a/? ;. w=T/0 : BV;U =,V

compressible Euler equations

du du F.M. Exner,
por = —Vp—gpV>2 P —0V(cpm) — gV2 1876-1930
dp dp
L= _,V-u LA VA
dt - PV
o _ a _
dt dt
€«>

p=pp(2) +0(x,t); 0==Vpr—ppgVz  0=0(2)+0(x,t); 0=—-60,V(c,m)—gV2z

da 1_, o du ) 6’
o ——p‘?’p —gp\_f’z o ——HV(cpﬂ)+g9sz
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e The incompressible Boussinesq system is the simplest nonhydrostatic
soundproof system. It describes small scale atmospheric dynamics of
planetary boundary layers, flows past complex terrain and shallow gravity
waves, thermal convection and fair weather clouds.

e Its extensions include the anelastic equations of Lipps & Hemler (1982,
1990) and the pseudo-incompressible equations of Durran (1989, 2008).

In the anelastic system the base state density is a function of altitude; in the
pseudo-incompressible system the base state density is a (different)
function of altitude, and the pressure gradient term is unabbreviated.

e In order to design a common approach for consistent integrations of
soundproof and compressible nonhydrostatic PDEs for all-scale
atmospheric dynamics, we manipulate the three governing systems into a
single form convenient for discrete integrations:
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Unified Framework, combined symbolic equations:
(Smolarkiewicz, Kihnlein & Wedi, JCP, 2014)

du o' L (x. 1) O(x,1)
— =—-0Vp—-—glg——f1 —Teou,) .: ) ’
de’ v | B(2) 6()
E = —Uu- VGE 3 B - 3 GE(X)'.I ge(x)
dQ G(Xr t) G(Xt))
A VA T = |1 : :
at — v T e
(2
0= (). o2, pl, )]
0 Rd Rdfcv
@ = [e,0pm’, c,fo7’, cybpm’] = b (p—gé?) — 7. | gas law
0

conservation-law forms =

ECMWF £3



Combined equations, conservation form:

0
gf + V- (ou®u) =pR",
dv /dt

399’ ! 9

-5 TV (out') = oR” | doy /0t +V - (pu)) = pR

oe LV. ( ) —0 . specific vs. density variables

ot

Accounting for curvilinear coordinates:

oG ov V- (Govi)) = GoR v = X not necessarily eq%md to u e

ot G(x,t) denotes the Jacobian Riemann,

% +V - (Gov) =0 G? is the determinant of the metric tensor 16261863
62—@ + V. (v¥)=GR &« > c;—f =R recall “the archetype problem, AP”
ECMWF &5
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Global baroclinic instability (Smolarkiewicz, Kihnlein & Wedi , JCP, 2014)

8 days, surface 0/,
128x64x48 lon-lat grid,
128 PE of Power7 IBM

S N DT
------ T3 DR
L s L
-y AWM - c - -
L SR S 22D
¥ L y,\:* Z 22z
_r:‘ 1 ’,,.'2 - -
o AN e - - - -

i
NN

_______

[-.II"I-‘llI'I"-Illll"lr.llﬁl

CMP, 2880 dt=300 s,
wallclock time=2.0 mns

PSI, 2880 dt=300 s,
wallclock time=2.3 mns,

ANL, 2880 dt=300 s,
wallclock time=2.1 mns,
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The role of baroclinicity

pseudoincompressible compressible

anelastic

TS e ———

. 5 M W!/mh nﬂ




1.5h, surface In8, 320x160 /F———m——————————=_ === "——

. = o T E e o —
Gal-Chen grid,
domain 120 km x 60 km o= = ——
“soundproof” dt=5 s = = ———

“acoustic”dt=0.5s
320 PE of Power7 IBM
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Partll:  Integration Schemes

A) Forward-in-time (FT) non-oscillatory (NFT) integrators for all-scale flows,

a 2

Cauchy, Kowal evskl Lax, 1926- Wendroff, Robert,
1789-1857 1850-1891 1930- 1929-1993

i
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® Generalised forward-in-time (FT) nonoscillatory (NFT) integrators for the AP

EUlerian/LAGrangian congruence

Eulerian f—f + V- (v¥) =GR -
Pl — A (" + 0.50tR™) + 0.50t R
d¥
Lagrangian (semi) rri R

ECMWF £



Motivation for Lagrangian integrals

Ul = A (U™ 4 0.55tR™) + 0.50t R

dW
dt

U(x,t) = U(x,,t,) + [ Rdr
T

Ut = W, 4+ 0.56t( R + R,) + 5tO(6t7)

TPt = (U 4 0.56tR), + 0.56t R + HOT

2019 Slide 23 ECMWF _c



Motivation for Eulerian integrals

Pt = A (U™ 4 0.56tR™) + 0.56tRM"!

o0G'¥
T + V. (v¥)=GR| forward-in-time temporal discretization:

Gn+lLI;n+1 — Gngn
ot

+ V- (v = (GR)"HY?

Second order Taylor expansion about t=ndét & Cauchy-Kowalewski procedure =

oG ot ot (8(}’

_ ot
=iV, — GR-V.|ZG (v Cor (& 4y, (Zvr 512
2= 4V (V) = GR-V- |26 V(v V) + 267 (S 4V v)v‘lll + V- (vR) +06R)

Compensating 15t error term on the rhs is a responsibility of an FT advection scheme
(e.g. MPDATA). The 2" error term depends on the implementation of an FT scheme

ECMWF —c



Given availability of a 2" order FT algorithm for the homogeneous problem (R=0),
a 2"d order-accurate solution for an inhomogeneous problem with “arbitrary” R is:

ontl = 4, (@H,Vﬂﬂfﬂraﬂrcﬂﬂ) + 0.56tRIT!

where

Um = U" 4+ 0.56tR" .

“Banach principle”, an important tool for systems with nonlinear right-hand-sides:

v, @I E = 050RITH AT
v, @t = @+ 0.56tRIH

182:1945
| &L E— @ = 0501 || R(®"TE A7) — R(@"H) |
< 0.56¢ sup || TR/OP ||| "L #L — L

Eulerian semi-implicit compressible algorithms = = =>

ECMWF £



Semi-implicit formulations (solar MHD example)

o'l _
i;‘f +V - (V'0) =p'R
U = {u, e B}

R = {Ru: RG’:I RB}T

I — A (TIJ V* p*) +0.50tR" = ¥; + 0.56tR7

1

W = W, + 0.56t L[ + 0.56t N()[""" — 0.5t GV

1

P

O = [ — 0.56¢L] " (117 _ 0.5&@7@“!“)

1

=W + 056t NP

=» thermodynamic/elliptic problems for “pressures” @

ECMWF £



0G0 LV (Gov) =0 in some detail for compressible Euler PDEs
ot ’ of all-scale atmospheric dynamics
9G ot

o TV (Ge#'v) = ~GoGLu - V6,
0G ou S 5 g ’ /
o +V - (Goveau)=—Go | OGVp + gTBH_h +fx (u="Teu,) — M(u,u, Te)

semi-implicit “"acoustic” scheme:

ot = A (0" (GV)TRG.G) = VI =(Gov) T

=1

~ . ‘ “';_ ﬂ,_|_1‘,"2 *n #n+1
= Gp" and p = Gpo

0
ﬁi _ ./1 (11 Vn—l—lfzjg Q*n-l—l) ¢
v=1,...N, (RE: Banach principle)
o) =0 — 5&( ve)
e
6" 1 1
uf = u; — 0.50¢ (@” GV + gTBg—) —0.54t (f x (0 =T u) — M(u,u,Te)"™ )i
b/
R Rd!llcl-
i = ¢, (—dgnﬂﬂ“_l) — T, (RE: thermodynamic pressure)
po :
0 = (¢ - 0.56tG"u” - V6, +6.). 00 = A; (67, ViI2 g gt

simple but computationally unaffordable; example =2



LAu” (RE: elliptic pressure)
| [ |
u” + 0.56tf x u” — ([}.56t)2gTBQ—GTu” .V, =
b

e

!

9
i — 0.5t (gr%— —f x T4 tu, — M(u,u, Tg)”—l)
b

—0.56t0"IGV” = |0 —056t0"1GVY | S

W =1u-CVe¢”| where it = L't and C = L-10.56t0""1G

pS

elliptic boundary value problems (BVPS):

Poisson problem in soundproof models relies on the mass continuity equation V - (¢*v) =0

Because v = GTu, acting with GT on both sides of v/ =1 —CV¢” and ...=>
ot ot . =
0=——V-(g'v)=—=V-|o" (¥ - G'CVy")]
@ e

diagonally preconditioned Poisson problem for pressure perturbation

ECMWF £



Helmholtz problems for large-time-step compressible models also rely on mass continuity equation:

combine the evolutionary form of the gas law & mass continuity in the
AP for pressure perturbation, to then derive the Helmholtz problem

where v = Rg/c,

ﬂf; = — V- -u—u-Vr, = 6‘;: + V- (pr'u) = —yprV -u—pu-Vr,
do*r’ e .1 )
5 +v'(QV?T)——[’FQ?T§‘7-[9V)+V~

0— _ 5t [; (V] e ] V-(g*we\)—lﬁiv\(ev)] — Blp— @)

YT O YT ot

And how does one solve this “thing” ?

o
ECMWF &
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Partll:  Integration Schemes

B) Elliptic solvers for boundary value problems (BVP) in atmospheric models

1781-1840 1821-1894 1863-1945 1875-1941 1881-1953
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Taxonomy:

Direct methods (e.g., spectral, Gaussian elimination, conjugate-gradients (CG))
vs. lterative methods (e.g., Gauss-Seidel, Richardson, multigrid, CG)

Matrix inversion vs. matrix-free methods

Approximate vs. Exact projection =» user-friendly libraries vs. bespoke solvers

Multiple terminologies & classifications; common grounds; the state-of-the-art

Basic tools and concepts:

Banach principle, Neumann series, Gaussian elimination, Thomas 3-diagonal
algorithm, Fourier transformation, calculus of variations, multigrid

Physical analogies:

Heat equation, damped oscillation equation, energy minimisation

ECMWF £



Notion of variational Krylov-subspace solvers: i) basic concepts and definitions

3 * N
symbolism: (= —) (EV (v - GTCV@)) —B(p—0) = |L(p)—R=0

_ !
=1 linear BVP
. . dp
pseudo-time augmentation 5. = L(p)— R ->
)T
Richardson 1910. Frankel 1952; Birkhoff and Lvnch 1984
Je .
5 = L(e) where ¢ = ¢ — isthe solution error, so R = L(P) =
)T
N e?
é ) = 2{eL(e)) where {...) isthe domain integral =9
JT

as 7T —» 00 [] gives the exact solution to [_] provided
Ve £0 (eL(e)) <0

= negative definiteness (comments on
dissipativity, semi-definiteness and null spaces)

ECMWF £



1) basic concepts and definitions, cnt.

Next, the “energy” functional

() = 5oL + (pF) D
() = ~{eL()) + T@) + 3 [(L@) ~ L) >

J(p) > T([@) Ve  given

(EL(p)) = (PL(&)) Yo, &

.= self-adjointness or symmetry in matrix representation,

a common property of Laplacian, since ngp =V- (SV@—@VgH@Ag

(comment on suitable boundary conditions)

ECMWF £



1) basic concepts and definitions, cnt. 2

ﬁ(tp) — R = 0] only for exact solution, otherwise it defines the residual error

r=Lp) -k (= r=~L(e) >

Do or
] b itt I — =L >
can be rewritten as 5 r| = 5 (7)
I(r?)
- = 2(7'1:('7'» = r — 0as 7 — oo, for negative definite £

Richardson iteration (A7 = [3)
P ="+ B(L(P") - R)

(comments on stability vs convergence, and spectral implications)

ECMWF £



Notion of variational Krylov-subspace solvers: ii) canonical schemes

Steepest descent and minimum residual
By the same arguments like applied to continuous equations , Richardson iteration implies
" ="+ BL(e") and TTl=r"+ SL(r")

— 1 1
For self adjoint operators L_] implies J(e) = _E{EE(ED = _E(ET>

Because the exact solution minimises the energy functional, ( n+1 n+1> >
one way to assure the optimal convergence is to minimise € T

(r"r™) + (e"L(r™)) + 2B3(r"L(r™)) = 0
(rrm)
(rmL(rm))

Steepest descent  For any initial guess 0", set ™’ = L(p") — R; then iterate :

And from self adjointness 3 = —

For n =0,1, 2, ...until convergence do
.rﬂr'n-
(L)

':Pﬂ+1 — (P'n. + IIISJ_rﬂ :
=" BL()

exit if || "< e

ECMWF £>



Digression, orthogonality of subsequent iterates (-r”r““} =0

d n+l1 n+ly 6Eﬂ+1 n+1 n+1 6Tn+1
6‘__,5’<E r"T =0 = <|5‘-S’r ) + (e 5

() (L) = 2 =0

)=0 =>

Minimum residual: S€lf adjointness can be difficult to achieve in practical models, the minimum
residual circumvents this by minimising (r»+172+1} instead =2

(r"L(r™)) + B(L(r™L(r™) =0 =D
a_ _ (r"L(r™))
’ (L(rm)L(rm))

Steepest descent and minimum residual are important for understanding, but otherwise
uncompetitive. The true foundation is provided by conjugate gradients and residuals

2
gT[’Q_F%g_T 1:() R =P 3term recurrence formula

n+1 e n—1 e
" =" + (1= 7)™ + B(L(¢") — R)
a.k.a 2" order Richardson, due to Frankel 1950

ECMWF £




Conjugte gradient (CG) and conjugate residual (CR):

P =" + (1= 7)" " + B(L(¥") — R)

e = ye" + (1 —7)e" ™ + BL(e")

" = (1= )+ BL()
the coefficients of which could be determined via norms’ minimisation, analogous to steepest
descent and minimum residual, or instead =2

an—1 n n—1
o ("= 1)B (" — . _
l:Ilf',}*.r'.!.-l—l — [Tpﬂ. +_.'3ﬂ (( Sﬂ)n' _ ( Sﬂi ) _|_T'I'1. — ~J|:}ﬂ, _I_ﬁn(&npn 1 _I_,rn)
> For any initial guess ¢, set p’ =" = £(©") — R;
For n = 0.1, 2, ...until convergence do
pr = ...,
CG CR
gn < TRt s .;,pﬂ-+1 ="+ _'3“;1}“ . j < Tnﬁ(pﬂ) >
f == 14 mn " = —
<P ,C[p } = _rﬂ--|—1 — "y ISn‘E{pn} ! < £(pn}£[pn} ~
n+l..n+1 n n
At — <t > - ol — < L(r +1:‘£(P ) >
< Tt > T -‘ < L(p™)L(p") >
pn+1 _ an+1p“ N _rn+1 E(pﬂ-F]) — E{TTH-I) + &_n+1£[pn)

exit if [ <<, Y ECMWF £



... variational Krylov-subspace solvers: iii) operator preconditioning

The best asymptotic convergence rate one can get from plain CG methods is in
the inverse proportionality to (condition number )2 of the problem at hand

JdP(p)
ot
o1 = "+ BPTUL(") — R) = ¢ + AP (r)

=L(p)— R P (“left” preconditioner) approximates L but is easier to invert.

Preconditioned conjugate residual: For any initial guess ", set r’ = L(¢") — R, p’ =P~ '(r")
For n = 0.1, 2, ...until convergence do
| <r"L(p") >
PP(e)  19P(p) g =— :
————+———"=L(p)— R < L(p™)L(pt) >
o2 ' T or ()

n+1 n angy—1/_n (pn-'_] =@ ;3”’ "
e ="+ P (P") 1
_rn+ — Tﬂ _|_ ,'gﬂ.f:(pn) :

rt=1" 4 BLPTH(p") exit if || ||< €,
Pl = o™ P (p") + P (Y gt =P ()
ntl _ < L(@THLP") >
— { E JL 1: 1n :} ?
replacing Prew = P Y(Dotd) => (") (")
pn-l—l — ﬂfn—klpn _I_qﬂ,-l—l :

E(pﬂ+1} — E[qn+1:l -I—Ct‘n+1£[pn) _
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Preconditioners, e~ P -1 (r), examples:

(:,Ju.—|—1 — ek

1) - ﬁf‘.\”f ; :'Ph(e‘u’] +Pz(€;;.+1) _T,y—|—1 9 (I :f:'.k‘T'Pz] u+1 ﬁ-”‘
RH. = el &?(Ph(e“] L Ty—|-1)

Deltl — Dek
AT

2) _ 'Ph((i‘u') . 'D((E‘H'—H ) n .Pz( ;J—I—lj ry—|—1

AT — o0, block Jambl
(—1)D stands for the diagonal coefficient embedded within the matrix representing P”

(3‘”'+1 — ek ) )
3) N :'P ((:'1”) _{_rpz( L+ J ,_r.u—|- > rph{eu—kl) _l_.Pz(eu—H] _ Ty_|_1
0T — o0
Zf’m z)expli(k -z +1-y))
Z’r“ z)expli(k -z +1-y)]
) d%é., .
{Ck,.{ Jert + Bia(z) dz’;"'{ —’rk._.,g}{‘xp[ ik-z+1-y)]=0
k.1
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Non-symmetric preconditioned generalized conjugate residual scheme GCR(K):

FP(V) 1 I-lpw) 1 oP(V)

— LW —
57F +Tk_1(T) pyr +"'+T1(T) 30 L(WV)-R

For any initial guess ‘If?, set r? = Li(WY) - R;. q? = Pf_l(ro); then iterate:
Forn =1,2,...until convergence do

forv=0,.,k—1do

= (r" L(q"))
(L@HL@)
V.V = 0: \I}}f""] — \If}” + ﬁql” , Dy ; 9! ) , 0 | B TIBeD
dv/dt = -V +g +vav—ov P 4 BLAGY), pr - TR A +m( V)b+Dy,
A -1 / _ ’ * ’
(v [v- 0581 +402) ']} =0 exitif ||+ ||< e, %:-\-.wﬁw-ae’.
e =P,
1 — =-Vr*+@B-V)v-B(V-v)+ Dy,
V; evaluate L;(e) = —V,;-CVe,
p* V-(p,v)=0,V-B=0,
(L)L)
Vi—oy a1 = m B{6) 1/R=0.665 t=0sd.

v+1
qr =g + E mql p

Li(g"™h) = Lie) + Y Li(q),
1=0
end do,

reset [\, 7, g, £(q)]}; to [V, r, g, L(fm?f

end do.
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z (km)

A few remarks on boundary conditions:
= LD TR = Lo (D — D
T = P (e"cr“’
ﬂ’?_'é‘?fyb?“f = W c}"] +(§‘in ~$?-£’,’I
b satisPlodd ’qyr P smdisfred Fo v=O

yivea 1o \?‘—r“") == B

g‘ff%é—;a CGareme
i dm e wed 7 @

\

16. LA e e e I e e e I 16. L e
T [[H. _ press perturbation at time= 400 j= 1 - T~ 7 L CE . press perturbation at time= 400 j= 1 -]
T “emx,cmn.ent: 1526E-03 —.3357E-03 .1575E-04 1 F 0 Tcmxcmnent: (1526E-03 —3357E-03 .1575E-04 :
11. B ] 11. - -
- - oL - R = -1
- = . - . 1 = -1
Lo~ - ~ Lo L Lo L 1 & e - e e L EEENN - - - - - . o - 1
s L - I 5. -1
O. Lol | dal | sl G
—100. —B67. —33. 0. 33. B7. 100. —100. —67. —33. 0. 33. 67. 100.

12 5_M/S
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1. Soundproof and compressible all-scale models form complementary elements of a general
theoretical-numerical framework that underlies non-oscillatory forward-in-time (NFT) flow solvers.

2. The respective PDEs are integrated using essentially the same numerics.
3.The resulting flow solvers can be available in compatible Eulerian and semi-Lagrangian variants

4. The flux-form flow solvers readily extend to unstructured-meshes and generalised forms of the
governing PDEs (Smolarkiewicz, Kiihnlein & Wedi , JCP, 2019)
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